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^ • 1 Abstract 

Ch I The vacuum fluctuations give rise to a number of phenomena; however, the the Casimir Effect 

^jQ' is arguably the most sahent manifestation of the quantum vacuum. In its most basic form it is 

^ . realized through the interaction of a pair of neutral parallel conducting plates. The presence of 

O I the plates modifies the quantum vacuum, and this modifcation causes the plates to be pulled 

c/3 ■ toward each other. The Casimir Effect has also been explored in the context of higher dimen- 

sional theories. The non-trivial boundary conditions imposed by compactified periodic higher 
Q^l dimensions is know to alter the vacuum in a quantifiable way, and is a possible solution to the 

issue of modulus stabilization, namely the stabilization of higher dimensions. 

Typical in Casimir energy calculations are renormalization techniques which are used to 
! tame the infinite sums and integrals that arise. These calculations are usally fairly involved, 

I and explicit pedagogical material is sparse. The purpose of this paper is to introduce (^-function 

0^ ■ regularization techniques specific to Casimir energy calculations in an M4 x spacetime. 

in 
00 

: 2 Introduction 

Compactified extra dimensions introduce non-trivial boundary conditions to the quantum vac- 
uum and Casimir-type calculations become important when finding the resulting vacuum energy. 
^ , Although tantalizing, the study of extra dimensions opens up a whole new set of questions. For 

^ I example, if extra dimensions exist and are hidden from us due to their compact nature, then what 

keeps them small? Why do they not expand to be large like the three macroscopic dimensions 
we are familiar with, or conversely, why not perpetually shrink? 

One possibile answer is that the Casimir energy spectrum generates a stable minimum of 
the higher dimensional vacuum. This is covered more explicitly in [T]. Before we can explore 
such interesting scenerios we must first learn the mathematical machinery that will allow us to 
examine this further. We begin, in Section 3, by introducing C function regularization techniques 
for the case of a one dimensional mnassless scalar field. Then, in Section 4, we will expand the 
dimensionality of the problem up to an M4 x spacetime. Finally, in Section 5 we will study a 
massive scalar field with both periodic and non-periodic boundary conditions in the full M4 x 
spacetime. For further reading on this fascinating field the reader is directed to [2Vl27j. 
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3 One Dimensional Massless Scalar Field Calculation 



Typically, the calculations of the expectation value of the vacuum is divergent, so some form 
of renormalization must be performed. For example, consider the calculation of the field vac- 
uum expectation value (VEV) inside a metal cavity. Such a calculation will necessarily involve 
summing the energies of the standing waves in the cavity; 



^ oo 

{E,.c) = ^^E^, (1) 



2 

n=l 

which is clearly divergent. 

To calculate a finite value we will use a ( function renormalization technique. Starting from 
basic quantum mechanics we know: 

E = CP, (2) 

and 

p = hk, (3) 

and so 

E = hck, (4) 
For the remainder of this paper we will set c and h to zero. 

We first consider a ID cavity of lenth L bounded by perfectly conducting walls. Our boundary 
conditions imply that 

sin(kL) = sin(n7r), (5) 

and so we can quickly obtain: 

(6) 

For every k there exists two standing waves unless n is zero. To calculate the energy between 
the plates we need to some over all possible modes. 



EoiL) = ^f2^, (7) 



2L ^ 

n=l 



that is, we sum over all modes 'n' of the vacuum. By utilizing the Riemman function we can 
deftly handle this infinite sum. 



n=l 

we can rewrite eq. ([7]) as: 

oo 
n=l 

However, C(~l) = ~j2 (from analytic continuation), and so we quickly obtain the result: 

E„(L) = (10) 



2 



which is the Casimir energy. Note that one of the sahent features of Casimir energy is that it is 
negative. Taking the derivative, we obtain the force of attraction between the plates: 

HL) = -^E„(L) = ^. (11) 

Note that this is the Casimir energy of a ID massless scalar field, so differs from the more 
familiar relationship that some readers may be familiar with. 



4 M4 X Massless Scalar Field Calculation 

In the presence of an additional compact circular dimension, the expression for the energy of a 
massless scalar field becomes 

= (12) 

where the extra term is due to the compactification. We now calculate the higher dimensional 
Casimir energy density, recalling that: 

which is modified for a 4+1 dimensional space to 

^ t\i I d'^k. (14) 

The Casimir energy density due to the KK modes of a scalar field, obeying periodic boundary 
conditions compactified on S^, is 

„ 1 f d'^k , /,9 /n7r\ 

n=— 00 " ^ / ^ 

where the prime on the summation indicates that the m = term is omitted, as it represents a 
constant energy which we can subtract. The log expression for the energy is a popular starting 
point for regularization schemes as it allows for the use of the Gamma function. It's thermody- 
namically equivalent to the free energy at zero temperature (see for example Finite Temperature 
Field Theory, Kapusta, Ch2) 

We can rewrite the log as a derivative, perform a dimensional regularization on the integral 
and the summation 

n=— 00 " V / 

= ~Cn.)l.=o, (16) 
where the periodic scalar function is defined as 
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Here we have made the substitution C = ^ and used the identity 



1 



oo 



We first perform the k integral, 



d'ke-'^' = (19) 



2 



and now calculate 



(2») 

Making the substitution x = (^n'^t gives us 

X dx 
— -75- and at = — 

Now substituting back into eq. (f20]) . 



t = and = — ^. (21) 



We can express the x integral in terms of the Gamma function 

^ = (2vr)4 r(.) 2. 

^ ' ^ ' n=— 00 

We immediately recognise the infinite sum as the Riemann Zeta function, so we finally obtain 

^^<''=w^^'''-''- '''' 

Using the recursion relationship for the Gamma function, as defined in this appendix, we can 
express this function as 

r(s - 2) _ r(s - 2) 



r(s) (s-2)(s-i)r(s-2)' 



(25) 

Now, plugging this expression back into eq. ()16p . and performing the derivative with respect to 
s evaluated at s = we obtain 

However, the derivative of the zeta function is known to be 

and so we find our final expression for the Casmir energy density of a scalar field with periodic 
boundary conditions to be 

We see that the Casimir energy density is proportional to 1/ii'^, where R is the size of the extra 
dimension. 
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5 X Massive Scalar Field - Periodic and Non-Periodic 

Fields 

The Casimir energy density generated from the quantum fluctuations in the large dimensions are 
insignificant when they are compared to the contributions arising from the compact dimensions, 
because the energy is inversely proportional to volume of the space. Therefore, this Casimir 
energy calculation focuses on the Casimir energy for a field with boundary conditions on the 
compactification (a circle). We will again use ^-function techniques. 
For a massive field, we can express the modes of the vacuum as 



E^ = \lk^+(^] +MI (29) 



2 



with Mn is the mass of the fields, and Tc the radius of the compact extra dimension. As usual, 
we have used natural units. The Casimir energy is given by 



(30) 



where the prime on the summation indicates that the n = term is excluded. For purposes of 
regularization, we will write this as 

We first perform the Gaussian integration (the k-integral) 

oo 2 

d'^ke-^^' = -V, (32) 





and are left with the remaining calculation; 



1 f r,,l,-{<?f)"«S)., (33) 



^ 1 (2ir)1 ^ 7„ ■"" s 



To help us solve this equation we will use the Poisson Resummation formula^ 

oo ' / — oo 

^ ^-{n^zft = J^Y1 e-"'"'/*cos(2™z), 

n=— oo ' n=l 

to rewrite the summation of eq. (p3|) . Setting z = we obtain, 

2 2 



(34) 



oo r~j — oo 
n=l 



(35) 



Inserting this back into eq. (I33p we see that our exponential term can now be expressed as 



1 TT 



2 



2 (27r)4 ^ V TTS 

n=l 



^Sometimes called Jacobi's theta function identity. 
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and inserting back into eq. (|33p our expression for the Casimir energy density now becomes 



If we now set x = we can write our equation as: 



1 7r2 



2 (2^)4 , .. 

^ ' n=l 



./iy Hds .-Le-(^^--(^+iS». (37) 



Ten 



1 -7r2 °° 1 /•CXD 



The integral is easily solved using the following expression for the Modified Bessel function of 
the Second kind: 

K^{z) = - / dxx''-'^e-'/^^''+^\ (39) 

Using eq. (39) in eq. (|38p . and recognizing the infinite sum as the Riemann zeta function, we 
obtain our final expression for the Casimir energy density of a massive scalar field in the five 
dimensional setup. 

^" = -^^f;^V2(2M.r.n). (40) 

n=l 

It is straightforward to extend this expression to include antiperiodic fields. Recalling eq. 
we see that for antiperiodic fields we can make the substition n — )• n + 1/2 which ensures the 
summation is over integer multiples of 1/2. This implies our z term in the Poisson Resumma- 
tion fomula is now non-zero {z = 1/2), so we simply have to include the cosine term in our 
final Casimir energy expression. Thus, the Casimir energy for anti-periodic fields in our five 
dimensional setup becomes 

C(5/2)M^/^^ . s . X 

V- = - l^^J i^5/2(2M„r,n)cos(n7r). (41) 

"^c n=l 

We now wish to find an expression of the Casimir energy due to a massless scalar, which will 
also be used as a component in the stabilization investigation. The necessary calculation is 



?i=— oo 



This calculation is well-known in the literature, and so we simply quote the result 

y+ = (43) 

massless 647r^ "^^ ' v / 



From the expression for the Casimir contribution for a periodic massive scalar field it is 
straightforward to enumerate the Casimir contributions of all other massive and massless fields 
by using knowledge of five-dimensional supersymmetry multiplets |17j . 

^fimion(0 = -4y+(r), (44) 

^fe™(0 = ^V+ir), (45) 
^hl"ggs(0 = 2F+(r), (46) 

where the positive sign on the potential indicated a periodic field and a negative sign indicates 
an antiperiodic field. 
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7 Appendix 

This section contains some very useful mathematical identities that are used in this paper. 
7.1 The Riemann Zeta Function 

oo ^ 



n=l 



*Note C(-l) = 



7.2 Gaussian integration 



Generalized to n dimensions: 



/■°° 2 1 /7r\«/2 



7.3 Tricks with Logs 

We can express a log as: 

This is because: 



Zn(x) = --^(x-^)U=o (50) 
as 



taking the derivative: 

d d 



^^x-%=o = — e-^'"n.=o = lnix)e" = ln{x) (52) 



7.4 The Gamma Function 

The Gamma function is given by: 



/•oo 

r(n)= / e-^e-^dt (53) 
Jo 



For n > 1. See, for example, Schaums pl46, 25.1. 
An alternative expression for the Gamma fucntion is: 



/•oo 

r(n) = / e-^e-'*dt (54) 
Jo 

The recursion formula for the Gamma function is given by 
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nr(n) = r(n + 1) 



(55) 



See, for example, Schaums pl46, 25.2. Tip - to solve in example above, try using this formula 
twice, first for n = (s — 1), then for n = {s — 2). 

7.5 Poisson Resummation formula 
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